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ABSTRACT

A FORTRAN program has been written for machine computation of group tables for
finite groups. The listing presented is for use on the NASA Lewis Research Center
IBM 360-67 and is machine dependent. The use of the method depends on the fact that
every finite group of order n is isomorphic to some subgroup of the symmetric group
S, The procedure for using the program is as follows: After the proper ismorphism
has been established, the appropriate elements of Sn are entered into the program as
input data. The program computes and prints out the group table for these elements of
Sy Then the translation is made from the S, elements back to the original group ele-
ments. Two examples are shown: One is the entire group S4, and the other is As, the

even permutation subgroup of Sg.
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FORTRAN PROGRAM FOR MACHINE COMPUTATION
OF GROUP TABLES OF FINITE GROUPS
by Gabriel Allen, David D, Evans, and Paul Swigert

Lewis Research Center

SUMMARY

A FORTRAN program has been written for machine computation of group tables for
finite groups. The listing presented is for use on the NASA Lewis Research Center
IBM 360-67 and is machine dependent. The use of the method depends on the fact that
every finite group of order n is isomorphic to some subgroup of the symmetric group

Sn' The procedure for using the program is as follows: After the proper isomorphism

« has been established, the appropriate elements of Sn are entered into the program as
" input data. The program computes and prints out the group table for these elements of

Sn‘ Then the translation is made from the 8 n elements back to the original group ele-
ments. Two examples are shown: One is the entire group S4, and the other is A5, the
even permutation subgroup of S5.

INTRODUCTION

Because of the sheer computational labor involved in constructing group tables for
large finite groups, the possibility of programming such tasks for machine computation
is very appealing. However, group multiplication cannot be carried out on a machine by
simply inserting an * between two elements of a group. A machine program for com-
puting group tables is actually more closely related to some of the programs recently
devised for proving mathematical theorems and algorithms than to ordinary arithmetic
programming (refs. 1 to 3).

All of these programs, however, require the group table to be fed in as input, after
which the group can be manipulated in any of several ways to extract the desired infor-
mation about its structure and properties (ref. 3). It appears that the published litera-
ture still does not contain a specific program that begins only with group elements as in-
put and then constructs actual group tables (see ref. 4 for an up-to-date survey of com-
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puters in group theory). Since such a program would be very useful to anyone working
with large finite groups, a program has been devised for constructing a group table or
any subsection of such a table for the symmetric group Sn. This machine-dependent
program, which is written in H level FORTRAN for the NASA Lewis Research Center ~
IBM 360-67, uses as input only the group elements in the form of cycles. As is well
known, every finite group of order n is isomorphic to some subgroup of Sn (ref. 5).
Therefore, a table for any finite group G can be obtained from the table of the appro-
priate symmetric group once the isomorphism between the elements of G and those of
the subgroup of Sn has been given.

Core storage limits the size of the multiplication table which can be handled by the
program. Therefore, a subroutine which stores four 8-hit words in a single 32-bit
storage location is used to gain more storage. This procedure is referred to as '"pack-
ing'' the storage locations.

Examples of output for S 4 and A5 (the alternating group on five letters) are pre-
sented.

DEFINITIONS AND CONVENTIONS

The entire report makes use of properties of the permutation group Sn' An ele-
ment of the permutation group represents a rearrangement of a number of labeled ob-
jects among a number of labeled locations. To begin with, each object is assumed to he -
in the location which bears the same label as the object. The term standard configura-
tion (SC) is used to describe that arrangement in which the ith object is in the ith lo~
cation for i=1 to N, where N is the number of objects and/or locations. When

N = 3, for example, SC means

Location | 1 | 2| 3

Object 11213

Every group element in Sn can be written as a product of cycles. A cycleis a
shorthand notation which describes the number and nature of changes effected by a given
permutation. For example, the cycle (1, 3, 2) indicates:that objects 1, 2, and 3 are to
be permuted in some manner and that all other objects are to remain fixed. The nota-
tion is so economical that it cannot describe the nature of the permutation without some
additional convention. Even though these conventions are well known, they are described
here for convenience.



- If the individual numbers or letters in each cycle are called units, then a unit may
signify either a location or an object. Secondly, the convention may be adopted of going
from left to right or from right to left within a cycle, so that there are four choices al-

"‘together. There are only two independent choices, however, since moving objects to the
left must result in the same distribution of objects among locations as moving locations
to the right and vice versa. The convention used here is that in which the units denote
objects and each unit is moved to the location currently occupied by the unit to its left.
An example should make this clear. Consider the effect of operation (1,3,2). When it
operates on the SC, the result is

1 (2] 3 11213 ] Location label
(1,3,2) x =
1121 3 3 11| 2] Object label

When (1, 3, 2) operates on the configuration on the right side, the result is

(1,3,2) X =

An interchange of two units is called a transposition. A property of permutations
which is very useful in programming group operations is that any permutation can be
obtained by successive transpositions. For example, (1, 2, 3) = (1, 2)(2, 3). Therefore, a
product of two group elements can be expressed as a single chain of transpositions. An
examination of the result of this chain on the SC can then show the single group operation
which would yield the same rearrangement. This group operation is then the product of
the two original operations. The preceding few sentences are the heart of the method
used herein.

USE OF CLASS ALGEBRA TABLES

It is clear that, in the case of large finite groups, even the group table itself is dif-
ficult to use because of the sheer physical size of the table and the inherent difficulty of
accurately locating the proper entry in a given row and column. It so happens that for
most groups there is a useful way of breaking up the group table into smaller blocks
which provides important information about the gross structure of the group. This
method is simply to break up the group into what are called class product blocks. Let

Ki denote the set of group elements in the ith class of group G. Then KI * K 3 is
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called the (IJ)th class product block. Such a block is the table of group multiplication of ,
all the elements of the Jth class used as column headings by all the elements in the Ith
class used as row headings. The resulting gross structure of the group can be sche-
matically summarized in the class algebra table (ref. 6) for the group.

A very simple example of such a breakup can be shown here by considering S3. It
has two classes in addition to the trivial class KO’ which consists entirely of the identity
element E. Class K, is defined here as the collection of cycles of length three. Thus,
K, consists of the two group elements (1,2,3) and (3, 2,1). The collection of two-unit
cycles (or transpositions) makes up the third class. Thus, K3 consists of the elements
(1,2), (1,3), and (2, 3). Therefore, the gross structure of the 36 entry group table for

S3 can be shown by the nine-element class algebra table:

K, K, K,
K, K, K, Kq
K, K, 2K, + K, 2K, )
K3 K3 :ZK3 3K0 + 3K2 -

In examining this table, it should be noted that an entry such as 3K0 + 3K2 in the class
product block (33) means that, in this block, every element in class K2 and in class
K0 appears exactly three times.

The five class product blocks K0 * KO’ K0 * Kz, K0 * K3, K2 * KO’ and Kg * K0
congist merely of the three classes themselves. Since, for any two classes K; and K].,
K; * K, =K. * K,, all the additional information about the gross structure of S5 can be
obtained from the three class product blocks K, * Ko, Kg * Kg, and K, * Ks.

Examples
Before examining the output of some actual cases, it should be noted that the form
in which these tables appears is slightly more efficient than the conventional group table. ,
A conventional group table for a group of order n containing the group elements

E, By - - -5 8y has the form

4



E E g9 g
9 89 X X
€n gn X X

The first row and first column merely repeat the row and column headings and are, ina
sense, redundant. The form of the tables in this program omits the first row and first
column of the group table. Of course, the entries still ''appear!' on the page, but only
as row or column headings.

Example 1 -~ S4. - This group is small enough so that the entire group table can be

printed out in a reasonable space. Therefore, the entire set of 24 group operations was
entered as data and the group table constructed. The output for this group follows.



GROUF {(1+24344)

" EXAMPLE 1 - S,

(Ly244): (49291)2 (2,354): (4e3,2): (1y443): (394,41)3 (3424132
(1y244): (44241) E (24341) (2¢1)(443) (44342) {3,1)(4,2) (344,41)
(4424102 E [29441) (4y1)(3,2) (443,1) {(251)(4,43) (34241} (3,1){4,42)
(243040 {(3e4,41) (2y1)(4,3) (44342) 3 (24351) (4+s12(3,2) {449251)
(49342): (441)(342) (34241} £ (34442) (341)(442) (2e4,1) (241){4,3)
(Legs3)2 (253,1) [3,1)(4,2) (4424 1) (4,0)(3,2) (34451} E (44342)
(344491): (Zy1)(443) (34a492) (3+1)(4,2) (34241} £ (493,1) (4+41)1(3,2)
{34241)2 (49342) (44110(3,2) (344,41) (3,1)(4,2) {49241) (2+1)(443) {2,3,1)
{1,2+3): (3,0){(4,+2) (443,1) (2+1)(4,3) (244,91} (4,1)(3,2) (344,21} E
(144)02,43): (34:2,1) (4493,2) (443,11 (44241) (3+4+2) (2+341) (244,1)
(142)(344): (34442} (3+4,1) (2v4y1) (2+3,1) (39241) (442,1) {(4¢341)
{143Y (295} (495,1) (24341} (34241) (3y4,1) (24441) (49342) (31442}
(le3eayl): (443) (21344411} (3¢20441) (3,1} {eo ) (433421} (442+3,1)
(24443411} (442434 1) (3,10 (2,1) (2+3¢4,1) t3420441) (442) {4+3)
(492939102 (3,1) (24493411} (1939291} {441} (2430441) (3,2} (44+2)
(143,244):2 (49342511} (342} {3,1) (344¢241) (4,2) (2949341) (2434441)
{4434241): (3,2} (34294,1) (441) (4420341) (34439241} (2411} (2+493,1)
(192¢344): (3444241) {4,3) (244493,1) (2.1) {3,2) (4+249341) (441}
(3y4): (243¢441) (344492,1) (442} (3+2) {3,1) (441) 1493,2,1)
(le2): (442) (441) (293¢4,1) (214434 1) (4934241) (3e44241) (3¢1)
(1y3): (29449351} {492+3,1) (394+2,41) (3421401) (4,1) (443) (3,2)
{244)3 (4,1) (2e1} (3,2) (4,3) (234+3,41) (3425441} (3149291)
(ls8): {2+1) (4,2} (4924341) (44342411} {4493) (3,1} (3424441)
(2+3): (3424441) (4934241} (493) (4,42} (49293,1) (2939441} (2,1)

(14243} (1,4){2,3): (Ly2)(344)3 {le3)l244)3 (19304,2)3 (24443410 (4929341):
(1s244): (4,1)1(3,2) (3+442) (443,1) (3+2,1) (3,1) (4434241) {3+2)
(44251)2 (34442) {2+3¢1) (49342} (3+44+1) (3920491) (4,3) (243444 1)
(2+344): (3,1} (4,2) (24441) (3+2,1) (4,3,1) (4934241) (3,1) (2144391)
(49392): (443,1) [3y94,1) (492411} {2¢341) (241) (44243,1) {(3,1)
(14443} (2+1)14,3) {34241} (2449 1) (344,2) (442) (2434441) (3149241)
{34441 (29441) (44342) (2¢4341) (44241) (4920341) (241) {(442)
(34241} € (44341) (3+442) (29441) (2434441) (4,2) {4¢1)
{1y243): {3,2,11 (44241) (3y4,1) (44+3,2) (4,3) (3421441) {49342,41)
(144)1(243): (39441} E (3:10(442) (2,1104,3) (29443,1) (34544+2,1) (4,43)
(1e2)(344):2 {443,2) (3,1)(4,2) E (4,1)1(3,2) (4. 1) (3,2) (352¢441)
(143)(2,4): (44241) (241)(443) (4911(3,2) € {3,2) (4,1} (241)
{14344,42}): (4,2) (2¢443,1) (3,2) (441) (4911(3,2) 3 (2e4y1)
(2944341): (4493,241) {3949241) (4,1) (3,2} E (441)(3,2) (3¢291)
(442¢3.1): (34442,1) (2.1} (3429441) (4,3) (493,21} (34441} (2¢1){4,31)
{143,244): t4,1) (4+3) (44924341} (2+1) (2+3,1) (44251) E
(4434241} {(4,3) {341} {442} (24344,1) (244411} (34442) (39441)
{1424344): (34294,41) (4,2) (341) {4934241) (49341) (3,2,41) (49342)
(3,4): (2s443,1) (3¢20491) (2s1) (49293,1) {4+42+1) (293,1) (3+1){442)
{(1,2): (342} (4¢293,1) (4,43) (3420401} (3v451) (443,2) . (4913(3,2)
(1ly3)2 (2,1) {49¢3¢241) {29344.1) (4,2) (39442} {(2s441) (4421}
(244): {44243,1) (2+4344,1) {493+42,41) (3,41) (342,11} (443,1) (293,51}
(144): (24344,1) (3,2} (2944341} (3,445241) (3+1004,2) (2913 04,3) (34442)
(243): (3,11 {4,1) [3944241) {2444341) [2+1)0443) (3,1)(4,2) (443,1)



[142,4):
{44241
(24344):
[4943,2):
{1l94,43):
(3444102
(3¢241):
(19243}
(144} (24302
{142)(3,4)2
(143)0244):
{19344,2):
(24493413
{4424341):
(153,254}
(4934291}
(1424344):
(3,4):
{(142):
(Le3):2
(2y4):
{l44):
(243):

(14244)2
{44241):
(24344):
(4+93,2):
(ly4,s3)32
(3y4,1):
(3924102
(le2,2):
(1s4)(2+3):
(1+2)(344):
[143)(2441):
[1y9344,42):
(24493,1):
(4929341):
(19342442
(4939241)2
(142924432
{3+4):
{142):
(1,3):
(244):
(1s4):
(243):

(1434244):
[34442,1)
(3,1}
{441)
(24354,1)
(3,2)
(443,42, 1)
{2v49341)
(442)
(2s1)
(4424341}
(493)
(443,1)
{3144+2)

F
(2+1){4,3)
(2+3,1)
[44241)
(4,1)(3,2)
(3,1){442)
(443,2)
(3,4,1)
{3:2,1)
(2:491)

(144):
(442)
(2,1)
(2939441)
{34244 1)
(3,1)
(443)
(44342,1)
(a4y293011)
(3,21
(34442,1)
{29443, 1)
(241)1(4,3)
{3,1)04,2)
(2+43,1)
{493,2)
{3¢442)
344,41}
(449241}
{443,1)
(Zy441)
E
(4,11(3,2)

(49431291)¢ (1424344):
(443) (44924301)
(2¢44341) (3,2)
(2,1) (34244,1)
{(3944241) (441)
{34214+ 1) {241}
(3,2) (2+44341)
{492+3,1) {4,3)
(4,1) {394¢2+1)
(4,2) (3,1}
(3,1) (4,2)
{29394,1) {4,3,2,1)
(243,41} (49342)
{35441) {492,1)
(24441) (3+2,1)
{3,442} {443,1)
(3,1)(4,+2) E

E (391)14,2)
({342+1) (24441)
(443,1) (39442}
(4511(342) (2+11{443)
(241)(443) (4+111(342)
(443,2) (2¢3,1)
(4e241) {(39441)
(2y3):

(24344511

(49243,1)

(442)

(4,3)

{4939241)

(3¢204y91)

(3,41)

(2,1}

(491)

(2449341)

{3,44241)

(391)114,21)
(241){443)
(44241)
£3,4,1)
{49341}
(2y491)
{44342)
{2+3,1)
(2,2,1)
{3+442)
(4,1)(3,42)
E

{344):
(2544341)
(443:241)
(3,2)
(442)
{4,41)
(3+1)
(34492411}
(24344y1)
(4,4243,1)
{2+1)
(3529451)
{3+2+1)
{2y451)
(441)(3,2)
(3,1)¥(4,2)
(492+1)
(243,1)

E
(251)14,43)
(3¢441)
{443,2)
(493,1)
(34492)

(1'2):
(441)
(442)
(3144241}
{4934241)
(24443,1)
(2939491)
{3,2)
(341)
(3¢2¢4,1)
{443)
(44293,1)
(39442)
145341)
(3+1)(442)
(441)(3,2)
{44342)
[(3e4,1)
(2+1)(4,3)
E

(213+1)
{4+4241)
(24491)
(342+1)

(Le3):
(3920491)

13441241)

(44293,11)
(29443,1)
(443)
(44+1)
{241)
(3,2)
(293+4,51)
(4334241}
(4+2)
(4:241)
(43342)
(394421}
{2y44+1)
(2913{4,3)
(4+¢12)13,2)
{4+43,1)
(3+241)

E
{3¢1)(4,2)
(344+1)
(243,1)

(2+4)2
{241)
{441)
(4,3)
(3+2)
(4324341)
(39432+1)
{(3:24491)
(29443,1)
(44934241)
{29394,1)
{3,1)
(344,1)
{(243,1)
(493,1)
(34241)
(451)0(3,2)
(2+1)(443)
{34442)
(21441)
{(390){442)
E

(4¢2,1)
{4¢3,42)



Example 2 - Ag. - The group A5 is the group of even permutations of S;. It is,

therefore, a proper subgroup of S5. There are five classes of A5 including KO' The
elements of 85 which are expressible as five-unit cycles fall into two distinct classes of
12 group elements each. These will be called K2 and K3. The 20 elements express- ~
ible as three unit cycles form a class called K;, and the 15 elements which may be ex-
pressed as products of two independent transpositions (e.g., (12) (35)) are in the class
K5. One should not be confused by the fact that the 24 five unit cycles of S5 (which fall
into a single class of S5) fall into two cistinct classes in A5. It requires conjugation
by an odd permutation of 85 to take ai: € .ement of Kz into K3 and vice versa. The
only group elements available for conjugation in A5 are the even permutations of SS’
and no conjugation of any element in K2 by such an even permutation can take this ele-
ment into K3.

Since A5 is of order 60, it is a good choice for breaking up the group table into
class product blocks. The program can readily handle such blocks. However, class
products do not have the closure property and elements can arise which are not included
in the input for either class in the class product block. Therefore, this example serves
to illustrate the warning that IDENT (see program description) has to be made long
enough to accommodate the longest chain of changes in locations which any element of the
full group can cause. Note, for instance, that whereas the class K 4 consists of cycles
three units long, the class product block for K, * K4 contains cycles five units long.
The following class algebra table is not readily available in the literature and was ob-
tained from the class product blocks computed by this program: -

KO KZ K3 K4 K5

Ky 12K, + 5Ky + Kg + 3K, Ky +Kg + 3K, + 4Kg 5Kg + 5Kg + 3Ky + 4Ky 5Kg + 3K, + 4Kg

Kg K2+K3 +3K4+4K5 12K0+K2+ 5K3 +3K4 5K, + 5K3 +3K4+4K5 5K2+3K4+4K5

Ky 5K2+‘5K3+3K4+4K5 5K2+5K3+3K4+4K5 20K0+51(2+5K3+7K4+8K5 9Kq + 5Kq + 6K, + 4K

Kg 5Kq + 3K, + 4K 5K, + 3K, + 4Kg 5K, + 5Kg + 6K, + 4K 15K + 5K + 5K g + 3K, + 2K,

Of course, the class algebra table only gives gross information about the structure
of the group. For example, although K2 *K 4= K4 * KZ’ both class product blocks are
needed since one cannot predict the details of block K2 * K4 from K4 * K2 or vice
versa. Therefore, all 16 nontrivial class product blocks were obtained and are shown
in the following pages.

8



GROUP (1,21344,5) EXAMPLEZ-A5

K26K2
(14293+445) H (lr4e2e345): (Ly3e504y2)2 (Le3160245)2 (594932924102
t1e203944502 (3450244,51) (5¢2+44341}) tag3e 0 (433450241) E
(142:59300 (5920%03,1) (44542) (4,50 1) (4,5 (34541
{Lly4y50243 (3450144241) (5:3049241) (Seay3e241) (443921 (5,443 (2544 1)
(Ly%e243,5 (3s2250441) (2:5131441) (2+5+40341) (5,2v493,1) (9944931241) (4,542}
(1e335y492 (933 (ay3.21 (245411} ETXXEN] (5¢2e3044l) (5e3¢21401) (4ede2v3al)
(Le3s4e2s5 150302040 1) (904935241) (2,49 1) (2444503.1) (495429341} (43543:241) (3,542}
[S44y3,251 £ (445421 (3,551) (3,4,1) (2¢59344,41) (294.1) (492,594341)
(592500443 {54442) £ (3,442:591) (342954401) 1204,1) £5:4,11 (244954301
(544419352 {94341} (542+4934 1) € (44943} 144541) {(Z2e9 45034110 (4724345, 1)
{493, (445424341} (54413} E t2y501) (20341) (3440215,
(4430502, 1) (49243550 1) (5043392410 (5,2,1) E £345,2) (35441)
(44241} (44541) (345049241} (3,2,1) {5¢392) € 125430441}
(5021004930 (544419302)2 (54342544102 (59351920402 (5920403410
(424 1) (50402} (3,2,5¢441) (54342)
(44223,50) 13:514125 1) (5,443,251 (352,11
(lots5024) (593024441) 12:501) (3¢%92,5¢1) (20593040 1)
: (21495:3,1) [ (3,401} (4:¢5+3)
$59442) (443510 E (49501)
(Ly314,2,5 (433,5,251) (5,431 (544,1) 3
(Sybe3elel (344925591) (294959391 (4,902934 1) 13,5,2) (492031541)
(5929154,3 reeSyl) (5¢3,1) (2+341) (3,4,2) (21399954 1)
(S5shyleds? (344492) (2044345, 1) (443155241) (54241 (45201
(Sy3s2040l (5,4,2) (243,445,011 (3,415124 1) 0433,5,2,1) 1349265251
(5:3,142,4 (5e6y 1) (344,2) (3441245, 1) (443,2,5¢1) (3¢2¢554,1)
(54244930102 (202050441) (49593} (2430425, 1) (40293,5,1) (2134504410
GROUP (1424344,5)
K34K3
tL1e3459204)2 (1,5,44243): (14513¢4421° (19245,4,3): (1y50243,4312 (1+44543,2): (54390940203
(50443924 1) (2,541) (2+301) (495,1) (2451443,1) (34442) E
(445,3) (493454241) (4331245, 1) (3y5,24as1) (405534241} (245410 (Z214434541)
(495,10} (3:5,29441) (3+2¢50441) (3,521 (3,2+14+5,1} (215449341} (243053441}
(3,442} (41513425 1) (4,51) [59302y441) (4,241) (3,541 (3921445, 1)
(445930241} 121643954 1) 12450443, 1) (345, 1) (2¢41593,1) (554,20 {50403)
(245,11 (34441} (3,5020441) (34442) (3,541 (512044391) (56253049 1)
F (30495524 1) (3,2r415¢1) (522+39491) (3,241) (29443,5,11 t2e3044541)
(Se49103,2 (2o1)14,3) (41541) (4.54253,51) (5,11t4,2) (44341) 134542) (445:2
(Sely2e4e302 (54442935 1) 15¢3,2) E (445434241) (54412) (34441) (302410
(59201y344) 2 (443424541) (2r4s1) (2437514, 1} 3 (2144345,1) (544424341) (55441)
(Selybs342)2 (2¢3,1) (495,3) (4y5¢2) (593¢49241) 3 (34542440 1) (344450241
(5+4214243): (5930402,1) (413924551} (4e391) {392049501) (442+513,1) [3 (4,3,2)
[5044143,2)2 (501424443): (502419344): (5114453:2)3 (51471424302
(1,3159244): (591 L4y 3} (495039291) (5,492¢341) (4¢543) (443120501
(115044243 (445,2) (3v4y1) (5¢3,2) €240401) (396159251)
(1+5+354,2 [4954213,1) E (4934245,1) (24341 (49502}
(192454493 (49211543) (992y3p491) 3 (3450244011 (503149251
(1454243 4% 445,11} (3+251) t492150351) 3 13,21495¢1)
(144459342 (2¢3,1) (5e442) 12441345411 (5¢442434¢1) E
(503919442 (345,2) (504y2) (4y342) (24395040 1) (542013
(S5ebelg3,2 (2v4y30541) (593949251) (24341 14921(5,3) (5¢1104,3)
(50102,493 (513,49201) (495424301} (504412 (344459201} (44205434 1)
(5s2¢193+4 (41341) (5+342) (492434541} (54341 (4432}
(511949342 (241)1(5¢3) (594529341} (2y491) (3¢504924 1) (5¢301)

(Sray192,3): (oy1)1(4,2) (3s4:159201) (5,3,1) (4:5:2) (344924501}



GROUP (1+42+3,4,5)

K4 %Ko
{1:+2+3): (2+344)53 [SEEFTI N (1,2¢412 (1,245)2 (ls3s9): (243,50
13,241} (Zy,1004,3) {34442) (3:1)04,2) (3100542} 13+5+2) (2y1005,3)
(3,1)(4,2) (4s3,2) (ay11C3:2} (344,11 (5¢412¢5,11 (4ed 9345412 1a,2115,3)
(Z2eayl} (3,11{4,2} (4y3,1) (241114 3) [2191304,1) tasl)(5¢3) (3e9420441
(4s11(3,2) (2,3, 1) {3,11(4,2) (4+2:1) [4,10(5¢2) (3+542+441) (243159401
(5,1)1(3,2) {2930445,1) (344,245,1) (S5¢11{6,2) (9e241) {3+1)0(5:2) {243,1)
{(2e29 }) (3r4rdy5yl} (541) 04,3} (214:345,1) (2,1)115,:3) (543,1) {3,1H5,2)
(3,11105,2) (9221 (4,3} (5421374411} (3+5:2+491) (3+941) (byl )32} (54342)
(Z1334,541) (492034541 (345,11} (2¢591) (2s1)(544) (3+1)(544) (449924301
(4455243410 1345,2) (3454294410 {4,11(5.,2) (445,1) (3925445, 1) (392H(5,4)
{2raebs3,110 (49210543} 14.1){5,3} (29513040 1) (24394+5,1) {4,5,1) (449,2)
(34010 (2411 04,3) {agde2d (9¢3:2) 12:1305:3) (3,5,1)
[ETRTAS! E (244911} tas1l3:2) (463e2¢5¢1)) t254¢3:5,1) 15:4,3}
(2211 14,43) {(442+1) E 12:3,1) (295+4:43,1) (5.4,3) 14,3,542¢1)
{3r992) (4,1103,2) {3441 E (5+4:+2) (3¢5:4492,1) (4424345,11
(345+2) (5¢2130v441) (3141542, 1) (4,5,2) E (35241) (541103,2)
{Z2y11105,3) (5+34442,11) (4,5,3) (2+4+5+3,1) (2+¢3s1) E (542411
(54342} (9234010 (4,531 (2990304, 01) {5¢3¢21%41) (5,1013,2) 12:,5,1) E
(Bebel): {2e3:1544,51) (9241243, 1) (3,10(5,2) (2:11(5+4) (2¢491) (34441} (542434441
155442} 2 159942,4341) (3:2)1(5¢4) 1392559401} {5,4+1) (5,1)(4,2) (3544245,1) (3,4,2)
[(Dr4s3)2 {2¢51443,1) {Sr44+2) (5,441} (2+43+544,1) (2e40395,1) (541)04y3) (5421043}
{h,4,5): (2e4s512 {304,5): (3420102 (4934203 (44340113 (42,110
[1s2¢3)2 (44592,3,1) {24455y 3,1) (243444541} E [2+40L) (4,103, 2) (4y3,1
(29304): (213e4,45,1) (495, 3) (3,2)15,4} t4.241) E (24341} (291)(4,3)
(13042 {(44543) [354+542911) (3411(5,4) (44110342) (3,2+1) E (34442)
(Lydesicz (495421 (2+1H5,4) {2¢4¢5¢3¢1)) 13,4,1) (2,1)(4,3) (4,3,2) E
(1e245): (4,1)15,2) (2544 1) (2:5:344,1) (355,11} 12:40345,1) {41342959,1)
(143,5)2 (4y11(5,3} (3¢54204,1} {39441} (5.1)0342) (342+%95,1) (44541}
(293e5): (45243,5,1) (442005,3) (3e442) 1542411} (44592) 1495+2¢341) 403050241
CleteS)2 (5,441 (4413(5,2) {4+1)(5,3) (342,405, 1) (4434245,1) 15+1104,3) (5,1104,2)
(2449552 (Selltlay 2} 1594442) fa9,2)15,3) 13,425,241 {5:2214.:3) {9¢29a43,1) {5:2,1)
(3444502 (541)00,3) (5,2)14,3) (5v493) (44553:2,1) {5¢3.2) (5+3,51) {5:3449251)
(342,10 (43543,241) (3,248,941 (3+14¢5¢251) (2+3,11 (3,1104y2) (49241) (as1)0342)
{4:3+42): (392:14,45,11) 13,2)(5,4}) {44542) (2,111443) {(3,4.2) 13,11(452) (3,2,1)
[ETERR N (391)05,4) (445+2:3,1) {49551) (443:2) {a,1)(342) 1344,1) {3:11404,2)
(49241003 Loy 1) E544) T4r5,1) {445535251) (31004, 2) (4+3,1) (2,1004+3) 124441)
(542410 (Gy241) {51004y 2) (593¢842,1) {351005:2) (5921443, 1) (4¢3+5:241) (4.,1)¢5,2)
(95350102 (443.1) (92940 3,1) {5+1)(4y3) (5¢3,21} {5,392¢441) (4,L0(543) (452¢54391
)z (4+342,5¢1) (4y3,2) (542)14,3) (2:,11(5+3) (4+2)15,3) (4+2959341) (445934201
}: F (542511 (5.3, 1) (3+2959441) (5944342,1) (544,:3) (59442)
1: 1255+10) E 1543,2) (34504424 1) (5+44+3) {2+9+443 1) {2,1115+4)
): (3+5+ 1) (3,542} E (5243534241 {3,21(5,4) (3,1)(5+4) (3454442910
{5120 1)3 (543,133 (593,2): (5,4.1):2 (9¢6452): (59403)¢
{1¢2¢3): (5,3,1) (5+1183,2) (2 {5:44243,1) (245945 3,1) 12e3555441)
(2434412 [5y3+4,2,1) (Se492r34e1) (5:4 (59293+4,1) (542)443) {3:5¢2})
(13,40 {5121344,41) (544411 {3:2+4504,1) (5+ 1104, 3) (3444245, 1) (3:45,1)
{1:2+4): (Se4el) (593124401} (2¢54306,1) (5211 (421} (2+5+1) {2v4434541
{14245): E (593,21 (2+1)0543) (944421} (Z221)(544) (245432110
11e3:5): 13,5,2) F {3¢251) {59443) (315,442,511 (321H(544)
(2+3¢5)2 12,1105,31 (2+3,1) E [2¢315+4921) (5.443) (3,21(504}
(1544502 (a:5,2) (4e5e3) (421503¢2,51) 3 (44241 (4e341)
(2+445): (2+1)105,41) 12143943, 1) (445,+3) (2+641) E (4:3,42)
(3,445): (344454241) (3.1005,4) (3,21(5,4) (344410 (34442} E
13,2,1): (5,1)03,2) (992411 (341105,2) (574342, 1) (3:2455441) (3454442,1)
(44342): {50432, 1) {9¢2140301) (5¢2)(4,3) (5434244, 11 (53421 (442705531
tay3el): (542144341} (5,1114,3) 19+¢34245411 (54301} {4+2+5+3,+1) (4413(5,3)
{4+.2,1)2 (5410 (ay2) (593949241} (4429513411 (5¢2:11) (4110542} Las3e59201)
(592+1}): (215, 1) (2¢1)(5,3) (5¢30110 (2+11(594) 1954510 (544935241}
(5,3,1): (3+111(5,2} {3+5411} (991)03,2) (3,1)10504) (5444243,1) {Se4.1)
(543,20 (3:2,1) (3,1)15,2) (3:4542) (3+2+504, 1) (3+210594) {50421
(Seay 1) ta,1005,21 (4+1)(5¢3) (5e3¢294,1) {44541 (S5¢1104,2) (51014, 3)
(5,4+2): (4y2e 1) {432¢5¢3,1) {4e2105.30 (4,11(5+2) {4,4552) (542110443}
(S5s4y301 {493:e9,2,1) (4y3el) (493+2) (4,11(5¢3) (4,2){5:3) 1445,3)
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(1,21(3,4)
(1930 0244)
(1,41(2,3)
{1+2)13,5)
(1+43)02,5)
{1,5)(2,3)
(1+2)(445)
(144)02,5)
11,5)(2,4)
(1+3)04,9)
(Ly4) (3,91}
(14511342)
(2+43)04,9)
(244)13,5)
(2+5303,01

{1+2)1(3,4)
(le3it244)
(144102, 31}
(Le?2)(3,5)
(14310245}
(1,512, 3)
(hy2ha,s)
[ 1s41(2,5)
(1510244}
(1+43)104,5)
(194} {3,>)
{1.51(3,4)
(2431 (4,5)
(2+4)1(3,5)
(2,5)(3,4)

(1421(3,44)
{1,3)Y(2,44)
(lead(24 30
(1y2)03,+5)
(Ls3d (245}
Cle5102431
(Le2114,5)
(ly410245)
{(1,5112,4)
{1+3104,5)
(1e41(3,5)
(1+5)(23,4)
(232104451}
{2,4)1(3,5)
(2+5)1(3,44)

GROUP (15253¢4,5})
K5#%K5

(1921(3,4):
E

{441103,2)
1301104, 2)
{4ay5,3)
(he20304, 1)
(39492454 1)
(54443)
(5521493, 1)
(4434245:1)
(243454441}
124445230 1)
(2,5,1)
(3¢5+44241)
(49553,241)
(542411}

(1y410245)5
(3444245,1)
(2452443411}
1543,2)
{442+3450 1}
t4ay3,1)
{4,932 10
(541104,2)

£
(2:11{5:4)
{542+4493,1)
{345,2)
134449+2,1)
(993424441}
(2¢39504, 1)
(304410

(2.45103,4):
(Z2+S0 1)
(3+24544,1)
(442,593, 1)
{2¢3,4+5,1)
(3y4,1)
(5435492,1)
(244,
{as3,1)
{(S¢443e241)
(4eh0204, 10
(44954243, 10
(542:1)
(442115,4%)
(3421(546)
3

(le3)1244):
{4y11003,2)

E
(2+1)04,43)
{513521491)
(45942)
(244+3:5+1)
(35245444 1)
[3449542,41)
(345, 1)
154642)
1593+44201)
(4421359, 1)
(2¢5+44341)
(5¢3,1)
(4154293011

(1s5){2,40:
(5¢2430441)
{5:3,41)
(5949392410
13,5420 44 1)
(244455 341)
(4y 342}
(441)(5,2)
(2+1)(05,4)
I3

(44255934 1)
(395049241}
(3+4421
(43392+9591L)
(3+541)
(293944541}

{1s4)(243):
(3,1)14,2)
{2,1)104,3)
E
(4+2459341)
1443959241)
(495,11}
154442341}
(3454+2)
(2935445, 1}
(5+493,42,1)
(5432}
(3424454 1)
(Dedsl)
(2+5¢3+441)
(30502144 1)

11+31{4,5):
(44593,241)
(44552)
{2y34445,41)
{594¢3,241)
(5+442)
(2:3450441)
{3e241)
(3+4424541)
(3+45929491)
E

(5411 (4,3)
{4s1)15,3)
12+3,1)
(592+44341)
(44245935 1)

(1,21(3,5):
{5,443)
(4429345,1)
(3,542+441)
E
(5411(3,2)
13.1)15,2)
{44593)
(593424441)
(4,2:543,1)
(24344454 1)
{2,6,11)
(2:5144341)
(394¢5,2411)
(4,5241)
(5+1443,2,1)

{1,4)(3,5):
13,5,442,1)

(513454,241)
(5,3,2)
(2y4y54 3+ 1)
(95,11(4,3)
E
{3,1)(5,4)
{5¢2431491)
(2+4.1)
(3,245404,51)

(1e3)0245)2
(443,245,410
(5944+2)
(21543949 1)
(991)83,2)
E

(201}1{5,3)
(342449541}
[3e4,
{3¢5944201)
(44542)
(5624344+1)
(69345210
12449543,1)
{(544+24341)
(43,11

(Leb){3e4)2
(54241)
{52342+441)
{5:4:2+3, 1)
(34445024 1)
{&e5ed0a0ld
{3¢4,2)
(443:55241)
(2054443410
{4,3,2)
(4y1)05,3)
(3,11(5,4)
€
14429345,1)
(3424445400
(2+5y1)

(1,5)0243}):
(5424493491}
{5934442,1)
(5s441)
{3+1)(5,2)
(241)05,3)

E
(419939243,1)

(445+34241)
(3+2¢54441)
(@e3,2)
(445,11
131492454 1)
(24443+4541)

(234,503
(244454341)
{3+40542411
(445, 1)
(245+443,51)
(3:9,442,1)
{5s4, 11}
(243,1)
(442434541)
(542930441}
(342410
(4943,245,1)
(5+34204011}
E

(5421 (4,3)
{442)(5,3)

(Ls2)14,52:
{455,3)
(445:2,3.1)
(3,y2+4¢54+1)
(55443)
(5949243,1)
(35245444 1)
E

(5+41)14¢2)
{4+1)15,2)
{24341}
(29435345, 1)
(2, v4el)
(34241)
(493¢55241)
15434+44201)

€2,4)13,5):
(293:54441)
(3,45,1)

(4¢3+592+1)
(249,19

(392445551
(9¢2,4993, 1)
{2+5434441)
(49543,2¢1)
(593, 1)

13444245410

(59402430 1)
(5:2114,43)
E

1342)15,4)
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GRUUP
K2%K3

{142+34405)2
(142454304102
(14495+2+3)3
(le4y2¢3:5)8
(143s54492)2
{1934442¢5):
(54443620102
{542+19493)2
(554ely3e2)2
(Se342440l)3
(593¢1e2¢4)2
(592599391102

(122930495}
(ledeS5e30a):
(1s4+5:24310:
(19442+345)2
(14354442102
(1s3,44245)2
(544434241105
(5424144312
(5.,6410352):
(543120491}
{5¢3914244):
(5925403410

GROuUP
K2*K4

(Lle2¢356,5):
1245934403
11s5495,2,3):
{1465243:5)2
(193:5454,2)2
(1e34449245):
(5+443,2+1):
(54241545302
{5044 193,2)2
159342444102

(142134445}
{1:2+513,4):
(11435:2+3):
§1,442:3,5)2
{193+450492):
(1e3449245)3
(54443042410
(S92sle4s33:
(Sebely3,y2):
(59352¢401):
(59341924403
(5929443,102

{14243,4,5)3
{192454344)2
{114+50243):
[14652¢340
{193:50442
(Le34442,55

(54443924102
{9¢2+ 104,322

(142135445}

(14345924402
(4224543,11
(Gy2e 1)
(543,20
(54341
15,1 04,3)
(4,311
12+3¢4:5,1)
(5:1)13,2)
(251)(443)
(25110544}
(50442)
(3,2115,4)

(5e4, 103020
(49241)
{4e20309,1)
3

(54241)
(592149 301)
(433¢5,2411}
(2149593, 1)
{5¢34112
12143345411}
1213¢44541)
(34442)
1445,3)

{112434445)

(1s2,3)2
13,24445+1)
{51342¢401)
134445¢241)
13165245, 1)
(96,2}
(99111442}
(5sas31}
{5¢21(4s3}
(514,11
{4s11(543)
(495034201}
(@y3,5,2,10

(1r4,5)%
(5924304,1)
(5021 (443)
(59492+3,1)
£2,34554,1)
(er11(5493)
(2:5:354,1)
(342,10
(3¢55442, 1)
{5+3,2)
(ae3y21
{5¢2449¢341)
(3¢1014,2)

(5424142
(44593)
(3,4,1)
(2144503, 1)
{a:210543)
(4020 305010
(51452
(493,2,541)
(2v4439541)
(agl)13,2)
392,554,510
{3:11(5,4)
(d1D9493,41)

(14504924302
(4+3,2)
(3924409410
12+0)14,.3)
(5¢2)104,3)
(4el (5521}
(49542)
16:,1315,3)
(2e5934441)
(4554 1)
(3+5, 1)
(3¢2,1)
12+1L105,3}

(Sele2e4,3)2
(3,1)15,2)
(5¢241)
(3129150441}
(3+411(5,4)
1435543)
(br341)
(324,42)
13:2)19:4)
(959346, 241)
(4s2411}
(4¢1)(5,2)
{4:11103+2)

(2+344):
(2+4443+5,1)
(2444543411}
(41345,2,11
{40342,5,11
139124544, 1)
(31244950 1)
(5y4,1)
{4s1)(5,2)
(390105441}
{Se3.1)
{2+1)05,3)
{5¢241)

(24445):
(2991344, 1)
(2e1)184,3)
(4424543410
(4l 35,3}
(345,1)
(3,4,1)
(51003421
(49243,45+1)
3,2,11
{5:493,42.1)
(295444311}
(54642¢341)

(5934115
(3,2){%,4)
(342+55491)
(2913+40541)
(3+4,2)
tay251)
(57442)
{493+9592+1)
1251)04,3)
(ay1)(5,2)
(3,54244,11
(3029425, 1)
(2:9434541}

(115¢30442)¢
(54443)
(3,00154%)
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(3,24(5,4)
(2¢3441501)
(3y2,405011
(543,01
(5,10 (4¢3)
(54403024 1)
(S44921301)
[2£,3,1)
(3,2,11
(3¢5,1)
(4,1103,2)
(492034541}
(443424541)

1243)(4,5):
(2511{54+4)
{4,5.2)
(342+4¢5+1}
(93 444541)
(2y3454491)
(3424544511

(4y11103,2)
{344,2)
(4,3,2)
(3,1)(5,4)
(4,5,3)
€445934241)
{435,243+ 11
(55442¢341)
(50443,241)
(546,3)
15,1103, 2}
{34542)
(543,2)

(1,2)1445)2
(3,01(5,4)
(34445¢2,1)
(2e34445,1)
(44541}
(55451)
(2434544,1)
(345044241}
(2y4y 1)
(44241)
(2yL1C4y3)
(3,210544)
(4454342411
(2s495934 1)
(44542)
(5,492)
(259¢493,1)
(5544342,1)
(249410
(50241}
(2,11(5,3)

1244)0345):
(2449345,1)
(5+443}
13,59442, 10
(2+111543)
(2,44543,1)
(3,1)10(4:2)
14y342)
164,2+5+3,1)
(543,2)
(5,421
{3459294,1)
(3,5,2)
(442¢3+541)
(4, 1005432
(5439254,1)
(5,114, 2)
{4y542)
15332442411
(445¢3)
(3,642)




GROUP
K5¢K2

(142)(344):
(153)1(244):
(1+4)02,3)3
(Ly2)43,5):
(1431(2,5)3
1Le5)(243)3
(1:2)(4,5)2
{1,4)12,5)3
(1451{244)2
{1y34{4,51):
{144)03,5):
(145)(3+41}2
1243)(4,51:
(2943(3,5):
(2451(3,41):

(142)13,4):
(1931 (244)3
(lyad{2,3)2
(142)113,5):
{1+31(2+5) 2

(1+6103,5):
(1:501344):
(243114502
{2,4103,451:
{2+5103,4):

GRUOUP
KS5oK3

(1,2)13,4):
(Le3)t2,44):
(141024302
(142)13,45)3
(1+31(2,5):
(1e5) (2430
(le2){4,5):
(lea2(2,5)3
(145)0244)2
{1+3)(4,.5)2
(1+4)13,51})3
{1+5013,44):
(2:3104,5)3
{2+4)13,5)2
[2,5413,4)3

(142)(3,4):
{Le3)(2,44):
(1,4)102,3):
(1e2)13,5):
(1,3142,5):
(1s5H(243):
(Ls2)(445):
[1e4)02¢5)2
(1,5)(244)3
(1:3114,5)2
(1e4){3,9):
[1¢51{3,46):
(2+3)104,45) ¢
{2¢4)(3,45)2
(245)(3,4):

{102¢39449)

{1+2¢3+44+5):
(4,5+2)
(4454302, 1)
{3:1)(5,4)
(522)0443)
{593,442,41)
{3¢4.1)
{3.5,2)
(954429341)
(4s0)(3:,2)
(241)153)
(255414934 1)
12,45 1)
{3950 1)
{4y3424541)
(5911{4e2)

1542009443}
{3+541)
(2:3450441)
14421105+ 3)
(445,41)
(Lyid (3.2
14524543, 1)
155,1)04,43)
(44342)
(2+5¢44341)
(9:21344,1)
1445,2)
(341105, 2)
(593449241)
(2¢1}H{544)
(3,2, 1)

(192434445)

{1+3:454204):
(442+43,5.1)
(3e4e3)
(25,1105, 3)
{5:11(4,2)
(443,2)
[2+499¢3,11)
(3444255411}
(3,2,1)
(351)(544)
(5:2)(4,3)
(53241)
{4+542¢35 1)
(245434+641)
(5v4, 12
(4y1103,2)

{54491e342)3
{4+2+4543, 12
(552} (4¢3}
12+5+1)
(54442034 1)
(5,4, 31
(251)(544)
(3:11(442)
{3+5.1)
1344459241}
{4,3,2)
{5:1)(3,2)
(495434241)

(451)15+3)

{1le2+5e304):
1544,2)
(443424541)
(3,13(5+2)
(344+2)
{591)14,3)
134445424 1)
1652115, 3)
[5¢3,1)
(49593924 1)
(2344345,1)
1243,1}
12,110(5,4)
(31942+4,41)
t4y1313,2)
(5s4y1)

(5¢4019342)3
1464245934 1)
(5¢2)(4e3)
(2+5:1)
(5044243010
(5:+443)
(2:1115,44)
(3,1144,2)
134551}
(3,4¢54251)
tas3+2)
(5,1)13,2)
(495234291)
(244,11
(5424344011}
{asl}(5,3)

(Ls5¢4+243)2
(5434254011
(54241)
{5¢1) (0,3}
13¢2459441)
(2501(5,%)
(54443}
(as1103,2)
(2439494511
(3:5¢2)
{442 1)
(3,44245+1)
1442115,3)
tay3,1)
(3¢1)05,2)
(2v4459 3+ 1)

(591+29443)2
(3:5,2)
(4s11(543)
(3¢59402,1)
(4:5:2)
{553+24441)
{3,1)1(442)
(5521 4,3)
15+4+434+2,1)
(443,41}
(24543¢441)
(291)(544)
{2+3,1)
13449245+ 1)
(445,1)
1Se1)03,2)

{le4955253):
(3¢2+445,1)
(2y11(5:4)
{445, 3)
(443424541}
(44241)
(491)1(5,3)
(5¢1)10342)
(3+4,2)
(213954441}
(5+241)
(5923(443)
{395929401)
(543,41}
(245549301}
t3sli 4y 2)

{5¢39204e1):
15444243, 1)
1Ss1214y3)
{5¢2+1)
(3,1){4,2)
(24443,5,1)
(44542)
(44245¢341)
(241115,31
(45,3}
(434245, 1)
13,2,1)
(342)(544)
[4,1)15,2)
{394,1)
(234504, 1)

{1+5¢345492):
1546,1)
(541103,2)
(592444341)
(3s4.1)

(5¢2)(4:+3)
{4:1)105,3)
{254+45+3+1)

(593,421
(4¢2¢34591)

(2,11{5+4)

1592519350):
(4y5,1)
13421(544)
(2,4454341)
1541)043)
(34442)
(245434441)
(3y541)
(3,111442)
(342,5:441)
(3,5,2)
(512944341}
tasb1(5,2)
(2,11(5:3)
(544334241)
t4y2,1)

(le4s24345)2
$3+5012¢401)
{2413(5,3)
(544,43)
1491)(5,2)
(495034241
{449301)
{552434441)
13,2115,4)
124341)
{513,442, 11
(514,21}
{3,1)14,2)
(5y1){4,3)
(2351}
{3+124445.1)

1543941924412
1342)1{544)
(4954 1)
{34,44542,1)
(443,2)
(5¢1)0a,y2}
(345024441}
(5¢342)
(593049201)
14,1)05,3)
129541}
12+1)04,3)

424395449 1)

(3,005, 2}
(443411
{5+492+3.1)

(192,54443):
(55342}
(4s41)105,2)
(3,4424541)
{392)1544%)
(5944 1)
{3¢594+2+1)
(443.2)
(5y11(4,31
14:34542+1)
(24441}
(2434445, 1)
(241)15+3)
(341014,2)
{405:2+301)
{53, 1)

(S5ylety3e2):
{341)15,42)
{2¢5539441)
(5,442)
(4¢5021301)
(491105¢3)
1442+1)
(5429453, 1)
154443)
(2+41)(4,3)
{5¢3022441)
$3,211(5,4)
(34241}
(5¢11(4,y2)
(243544591}
13+45,1)

(1434544202
(4923(5+3)
13,45,2)
(294434541}
{59451}
(3,2)(544)
1295040351}
{34441)
(342144541}
(3+1115,2)
(35442)
(5913(442)
(44245¢34+1)
(2y1)(4e3)
{54241)
{415534241)

(5,24443,1):
1541103,2)
{59401)
(543445241)
(3+424445,1)
(24441)
{4421(5,3)
(4493352,5,1)
(291)(4y3)
(5144+3)
(4¢2)(5,2)
(3544592, 1)
(3542}
(%¢2459341)
13,1){5+4)
(2,3,1)

(145,2,3,4):
(5,10 (442}
154643,5241)
15+3,1)
(344924541}
{2,1104,3)
{4¢543)
(432¢34541)
(243,1)
{3+42)(544)
144395¢241)
(3,11(5,2)
(4¢5+2)
(4y11(543)
(352+59401)
{2+4.1)

(54491924303
(442)(543)
(44345,241)
[3,5,11)
(55442)
1504935241)
13411544}
13 44,42)
(Sy13(3,2)
(4459243, 1)
{2e110443)
1245411}
(2+449543,1)
{344,010
{4e11(552)
(513420441)

{le3¢442+5)2
l14y1)(5+2)
(543,2)
(295349341)
1562434441}
(445,30
(251)(4,3)
(340420441}
135111544)
13¢241)
(642)(543)
1594924341)
(442,11}
(25443+541)
(551303, 2)
(435410

(le44593,2)3
(3,1)(544)
(Le3495541)
{44542)
(493511}
(4429345,1)
(4y,1115,2}
{54341}
(44,2)0543)
(25549344,1)
(541313,2)
1493,42)
(342455441)
{5+241)
(2,114, 3)
(3454442,1)

(52493524102
{5+341)
(55243451}
(55 11(04,2)
(341)10,4)
(243¢5¢401)
(50402)
{493,1)
(2544345,1)
{5:,2004¢3)
(421003,2)
(3v2¢a95913
{5¢3,2)
{4¢2,1)
(354455241)
(241015+3)

(S5Sy3.ls4,2)2
{3+2454441)
12+541)
(5:2)1(4,43)
49110302}
{44541)
(443455210
(5034244,1)
(445+3)
(241105, 3)
(551)(4,2)
(3544+2)
(345540241)
(54244+3,1)
(243,1)
{3+1)(5+4)
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GROUP (1425394,5)

KS5%K4

(1421{344)
(1.3110244)
(1e41(2+3):
(142110345}
(L+3)(245)
(Lly5h(243):
(1,20 {445)2
(1400245
(151244
(La3 184512
[1,4)03.5):
[1.5}13,4):
(2¢31(4,5
(2+4113,5
(2+45)(3+4)3

{1921(344):
(1+3)(244):
(1s6)(243):
(142)1{3,5
(1+3)102,.5
(1511243
£1,2) 155
(124)(2,8

(1s6)0345)3
{1¢51{3,4)¢
(243)104,5):
(244)(3,5):
(25510344}

(Le2) {3943z
(143)(244)2
(1447(2,3) ¢
(1¢21{3,5):
(143312450
11,51€0243):
(Ly2)(44+5):
(Le8)(2+5)2
(145)(2+6):
(143)(445):
{1463(3,5):
(labll354)3
(24310445}
1254313,5):
(249013441
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{1e243)2
{443,2)
(4¢241)
(344410
(59342)
(5.241)
(3¢5¢1)
(3,2)(5,4)
(5929304,1)
(4420345,1)
(2¢1)(54)
(2+5¢304,1)
(2144345, 11
(3411 1(544)
(4924543,1)
(5024493, 1)

tlya,5):
{344y5¢2,1)
(2549543, 1)
(3,2)(554)
(4934592,1)
{44245+3,1)
(491} (3.2)
{55251}
(544,421
{24841)
{5:3,1)
(596,3)
(344411
15:11(342)
(2140345,1)
{31402+5,1)

£S542+1):
(Ssy11(4,3)
{5144293,1)
(5930294, 1)
(355, 1)
{2+3,1)
(53,21
{4+5,1)
(2+441)
(Hr4s2)
(445,2+3,1)
(3+9+244,11
{5522 4,43)
(hybhe342,1)
(3,5,64+2,1)
(2y11tae3)

(293,4):
(2444 1)

(2¢54314+1)
{3+495:241)
(5911 (4,3)
{2,3150451)
[(445524341)
(5,1)13,2)
(3¢5444251)
(49295¢341)
(5y11(4,2)
(Se2s3)
(5¢3,2)
(495,21

[2+445) ¢
(2+35445,1)
(3+1)1(5,4)
(495934241)
(2+493+5,41)
(3,1)04,42)
(593925441)
(24591}
(4¢241)
(554410
(3,2)(5,2)
(443451241)
(5293040 1)
{543,2)
{9+443)
(344, 2)

(5434115
(594939241)
(591} (4,2)
{5¢2+31441)
(3,2, 1)
{2+5,1)
{34542)
(41543124 1)
12954314, 1)
{4+2)(5,3)
(495 1)
(3,4,1}
(5:4,3)
(4955243, 1)
13010442
(2ebr4e3s1)

{1¢3+41):
(44241)
(4y3s2)
(2y3.11)
(593e442e1}
(5421 (4+3)
(253+49541)
(34554452,1)
(3,12(05,2)
(3+2+4,+5,1)
{5¢4:3)
{5¢351)
[ETE-TRY]
(2¢345,4,1)
{5¢3+4244,1)
(4,1005,2)

(3,4¢5)3
(241)4{5,4)
(392¢495¢1)
(4450243,1)
12,1){4,3)
{344924591)
{5¢2¢344,1)
t2,11(5%3)
{49245,3.1)
121441)

(5¢4e2)

(953¢2):
(2450443,1)
(3¢442,5, 1)
{ael)l5,2)
(2:341)
(349+1)
{5¢2+1)
(2441543, 1)
(4y11(543)
(5¢304e241)
(342045, 1)
(4,12(3,2)
155933,251)
1445421
134442}
(594:3)

(le204)2
(3,442)
(4+3,1)
(3¢2411i
(4:21109,3)
(5¢244,3,1)
{3429445,1)
(55442)
{(be241)
(445,41}
{2¢544¢3411}
(2+11(5,3)
{2¢314455 1)
{312+54441)
(44141(5,3)
(55243444 1)

(3¢201)¢
(4¢3,1)
(3+442)
£25401)
(5¢3¢1)
(3:5,2)
{2+5+1)
(31101544)
(345+2+4,1)
{3,442,541)
{3:210544)
(5439244,1)
{4430245,1)
(Zelbtby4)
(543944241)
(493954241}

(50601)3
(543044241)
(520443, 1)
£5,1)03,2)
(3450442411
(21504,341)
t3,2)(544)
(4y241)
(245011
{43542)
(44341)
(345,1)
(44543)
(4y1113,2)
(345425441}
(2¢5034401)

(1,2,5):
(54210443
(442,5,3,1)

(312951441
{3+45,2)
15:3,1)
{3,2,1)
1445,2)

{20405943,1)
(253:¢5+4,1)
1242414,3)
(3424445,11}
(492¢345+1)
(SyLi(a,3})

(493,2):
(243,1)
(354,1)
(4,241}
{21445+341)
(3:5,24441)
{5911 (442)
(2454¢443,41)
(413¢59241)
(5¢1)0(4,3)
(332354441)
(4954342, 1)
£5:1103,2)
(54442)
(44543}
(345,2)

(59442)2
(2:54344,41)
(3¢1)05,2)
(493,2+5,1)
(2¢345+441)
(3511(5,4)
(5v413+241)
(2+4,1)
{4¢5, 11
{542,411}
(3,1)(4,2)
(452)345y1)
(9934492417
(4,3,2)
(3+5,2)
{445,3)

(1s3,5)2
1443459212
(4.2)15:3)
(2034504002
(5,2,1)
(543,42)
(243,1)
(344,59241}
(3,2:5¢441}
(3,1)8402)
14,5,3)
(544,10
(4,3,1)
{243 449+5+11}
{5,1)04,42)
(49342:541)

(3,6,2)
(4,5,3,:2,41)
(441)1542)
{4v203+5+1)
1(5444342:1)
(5,2)(4.3)
(2,4534541)
(59441}
(445,3)
13,5,1)
{5444243,1)
(24445¢3+ 1)
{3,11(5+2)

(5,4,3)3
{2,1105:3)
(34542+4%0¢1)
(492434541)
(2yi)(5sa)
(342454441)
(544,243,1)
(2451)01443)
(493424541}
(S5y2s49y3+ 12
(34441)
{4y541)
{543,1)
(3,4,2)
14,5,2)
(5,3,2)

(2,3,5)3
{24443+5,1)
{3:5¢442+41)
[ETERAS-TEY
(24541)
(3424113
(543+1)
(243449551}
lay1113,2)
(50492434 1)
(34449924 1)
4,1315,2)
15,2453, 1)
{4,543}
155442)
{49342)

(492411)3
1344,s1)
(243+1)
(4433,2)

{4y 111543}
(4+5124341)
(44342459 1)
{59491}
(4,5¢2)
(245+1)
(54492+3,1)
(4,2115,3)
(3,492+511)
{5¢4934241)
(2,1)15,3)
(304954201}
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PROGRAM DESCRIPTION
General Description

The program computes a group table for elements of Sn which are read in as a
series of column and a series of row operations in cycle notation. The general proce-
dure consists of the following steps:

(1) A set of K column operations and L row operations is read into the program.

(2) Each of these operations is broken down into its equivalent sequence of trans-
positions. Let the group operation Pij represent the (group) product of the ith row
operation Ri by the j column operation Cj. Then Pij will be stored as a long se-
quence of transpositions. '

(3) The SC is rearranged in accordance with the sequence of transpositions which
represent Pi"

(4) The rearrangement is examined and a single group operation which effects the
same rearrangement of SC is identified as the product Ri *C..

(5) This single group operation is entered in the ith row and jth column of the
group table array.

The manner in which the machine performs steps (2) to (5) is far from standard. For
this reason, an illustrative example is carried through in some detail. The example
chosen is the entry in Ag corresponding to the group multiplication (14235) (521).

For future reference, the notation {SYMBOL(-,N, M)} is used to denote a complete.
set of entries for the triply subscripted quantity SYMBOL(L, N, M) over the full range
of the first subscript L for fixed N and M. Thus, {ANé(-, 11,12) } is the collection
of ANS(I,11,12) values with 1™ column and 12t
from its minimum to its maximum value.

The notation [Al’ A2, c e ey An] is used to display the actual contents of an array.
This notation signifies that the content of the first storage location of the array is Al’
that of the second storage location is Az, ete.

An outline of the program, broken down into sections which perform recognizable
functions, follows. (The flow charts and listings in appendixes A and B contain more
detailed descriptions.)

Block 1 - set up constants. - The constants used in the program are given literal
names and are declared either INTEGER or LOGICAL in TYPE statements. All the sub-
scripted variables are dimensioned and allocated storage locations by the use of a
DIMENSION statement. A DATA statement is used to give literal names to the following
variables:

row fixed and with I allowed to range
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Variable Literal name Identification

( LP Left parenthesis
) RP Right parenthesis -
, CM Comma
BLK Blank
E IDNT Identity element of group

Block 2 - read in DATA. - The data describing the group and the group operations
are read into the program. The labels to be assigned to the objects and to the locations
are read from the list for IDENT which is limited to one card. Itf is read in with
FORMAT(80A1) and stored in INITAL(N) in the form bbbX, where b represents an
8-bit blank and X represents the 8-bit location in the 32-bit storage register in which
the integer from IDENT is stored. This storing arrangement is accomplished by sub-
routine SQUEZ, which is described later.

Description of Input

The input cards are read in the following order:

First card TITLE one card with FORMAT(80A1)
Second card IDENT one card with FORMAT(80A1)

Note that the input for IDENT must be long enough to include the maximum number of
objects to be moved in any group operation. Thus, the list for IDENT must be of the
form (Al’ A2, .. .An), where n is the subscript in S, and Aj is any alphanumeric
symbol. '

The next set of cards contains the ACROSS (column) operations. There can be as
many as four cards with FORMAT(80A1), and each operation is followed by a colon.

A blank card follows the preceding set. It is needed to signal the end of the ACROSS
input.

The next set contains DOWN (row) operations. There can be as many as four cards
 with FORMAT(80A1), and again each operation is followed by a colon.

A blank card follows the preceding set. It is needed to signal the end of the DOWN
input.

The input for both ACROSS and DOWN operations is in cycle notation.

Several error checks are run on IDENT. These include checking the maximum
number of nonblank units (which is six in this version of the program), the presence of
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blank spaces on the card, and the illegal use of parentheses.
The group elements themselves are read from the list for INPUT(J, K), which is
also read in with FORMAT(80A1). The complete set of column operations is read first.

~ The upper limit of this input is four cards followed by a blank card. Then the complete

set of row operations is read in. This set is also limited to four cards followed by a
blank card.

Example of Input - Class Algebra Block Ko * Ky of Ag

K2*K4

(1,2,3,4,5)
(1,2,3):(2,3,4):(1,3,4):(1,2,4):(1,2,5):(1,3,5):(2,3,5) : (1,4,5) :(2,4,5):(3,4,5):
(3,2,1):(4,3,2):(4,3,1):(4,2,1):(5,2,1):(5,3,1):(5,3,2) :(5,4,1) : (5,4,2) : (5,4,3) :
Card 5 is blank.

(1,2,3,4,5):(1,2,5,3,4) :(1,4,5,2,3):(1,4,2,3,5) :(1,3,5,4,2) : (1,3,4,2,5) :
(5,4,3,2,1):(5,2,1,4,3) :(5,4,1,3,2):(5,3,2,4,1) :(5,3,1,2,4) : (5,2,4,3,1) :

Card 8 is blank.

Cards 3 and 4 are ACROSS (column) operations, and cards 6 and 7 are DOWN (row)
operations.

Block 3 - store each group operation as product of transpositions. - In this block,
each group operation is decomposed into its equivalent product of transpositions and then
stored in PAIRS(I, NOP,K) (see appendix B). The 3rd subscript K is 1 or 2 according
to whether the operation is a column or row element, respectively. Thus, an entry in
PAIRS(I, NOP, K) is the Ith unit of the NOPth column (K = 1) or row (K = 2) group ele-
ment.

The example used herein is an entry in the K2 * K4 class product block of A5.

The input for this block, which was given in the preceding section, shows that the element
(521) was the 15th ACROSS (column) operation and therefore corresponds to K = 1,

NOP = 15. Before being stored in a PAIRS array, the element is considered to be of the
form (52)(21). The contents of { PAIRS(-,15,1)} is [56 22 1] or

PAIRS(1, 15, 1) PAIRS(2, 15, 1) PAIRS(S, 15, 1) PAIRS(4, 15, 1)
5 2 2 1

The element (14235) is the 4% pown (row) element, and it therefore corresponds to
K =2, NOP = 4. The contents of the eight registers which constitute the complete
{PAIRS(-,4,2)} array are[144 2 23 3 5]. _

Block 4 - set up arrays in standard configuration. - In this block, a number of
standard configurations are set up. I NC and NR are the total number of column and
row operations, respectively, then Ne X NR SC's are set up. A given SC is set up by
storing the quantity bbbl in location ANS(I, I, I2) (see appendix B). For a fixed I1
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and 12, and SC is the complete set of ANS(I, I1,I2) over the full range of I (see example
in block 5).

It is very important to note the differences in the roles of the second and third sub-
scripts here and in PAIRS., In ANS, the second subscript always denotes the Ilth colum
entry and the third subscript always denotes the Izth row entry. In PAIRS, on the other
hand, the third subscript is used to denote whether a row (K = 2) or a column (K = 1)
operation is involved. The second subscript labels which row or column. However, an
entry in PAIRS never mixes row and column operations: it refers either to one or to the
other, depending on whether the third subscript is 1 or 2.

Block 5 - perform group multiplication. - In this block, the indicated operations for
all the group products operation 12 * operation I1 (= PIZ 11) are actually performed. The
method used is to transpose successively units from the SC of {ANS(-,11,12)} in accord-
ance with the indicated operation of { PAIRS(-,I1, 1)} followed by the operation of
{ PAIRS(-,12,2)}. The way in which this is accomplished may be understood by following
the procedure on a single, complete {ANS(-,11,12)} array.

The storage location ascribed to ANS(J, I1, I2) is considered to be the Jth location
of the SC. The quantity stored in ANS(J,I1,12) is considered to be the '"thing'' which
moved to the JFh location as a result of the operation (operation I2 * operation I1) on the
SC. Schematically, upon entering block 5, the { ANS(-,I1,12)} array is in the SC. Thus,
for Ag, {ANS(-,11,12) } =[12 3 4 5].

Continuing with the example of (14235)(5 21), when K =1, I1= 15, and when K = 2
12 = 4. Therefore, {ANS(-,I1,12)} = {ANS(-,15,4)}. The first rearrangement of the
SC of this ANS array is the one effected by { PAIRS(-, 15,1)}. After being operated on
by PAIRS(-, 15, 1), the {ANS(-, 15,4)} array is [5 13 4 2]. After this rearrangement by
{PAIRS(-, 15, 1) }, the 12" row operation { PAIRS(-,4,2)} is brought into play. After
the two successive rearrangements effected by the two PAIRS arrays, the { ANS(-, 15, 4) }
array is [14 5 2 3]. This is the content of { ANS(-, 15,4)} upon leaving block 5 and en-
tering block 6. '

Block 6 - identification of single group product element. - In effect, the permuted
stored values in each ANS array leaving block 5 are examined and a determination is
made of the single group operation which would have permuted the SC to this final ANS
array in one step. It should be recalled that the permuted ANS array which enters
block 6 is the result of the successive operations - operation I1 acting on the SC, fol-

" lowed by operation I2 acting on this result. '

The same final ANS array can always be obtained by the action of a single group op-
eration on the SC. In block 6, this single operation is determined and stored in {OUT(-,
I1,12)}. Thus, an array {OUT(-,11,12)} represents the single group operation which
has the same effect on the standard ANS array (SC) as does the product of the two oper-
ations (operation I2 x operation I1).
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In order to understand how the program makes the identification, reference may be
made to the contents of the { ANS(-, 15,4)} array upon entering block 6. The content of
a given register of ANS is the same as the label of the location in the SC. Since, in the
SC, the location and the object had the same label, an examination of the content of a
particular ANS register provides partial information about the rearrangement of two ob-
jects. Referring to the {ANS(-, 15,4) } array shows the content of register (2, 15, 4) to
be the integer 4. This means that object 4 now occupies the position originally held by ob-
ject 2. In cycle notation, this state is indicated by placing a 2 to the left of 4 - thus, 2, 4.

The next step is to examine the contents of register 4. Since a 2 is found there, it
is clear that a simple transposition of objects 2 and 4 has occurred, so that one part of
the group element is the two unit cycle (24).

An examination of the content of register 3 will show a 5. This then leads to an ex-
amination of register 5. The content of register 5 is 3, so that another complete cycle
has been found. An examination of register 1 (which is actually made first) shows a 1 to
be there. This fact is correctly interpreted as evidence that object 1 has not moved,
and no 1 will appear in the group element. The examination of all the registers of
{ ANS(-, 15, 4) } is now complete and the conclusion is reached that the two operation (521)
followed by (14235) is equivalent to the single operation (42)(53). Therefore, OUT(-, 15, 4)
= (4, 2)(5, 3). This agrees with the entry in the table at the intersection of the column
headed by (521) and the row headed by (14235).

It would be confusing to examine group table which contained cycles representing
the same group operation but written in a different way. Such cycles are called equi-
valent cycles. A trivial example would be a transposition. Thus, (24) and (42) certainly
represent the same operation. Less trivial examples are (123) and its cyclic permata-
tion (231) as well as (312). It should be noted that equivalent cycles cannot be con-
structed in this program. To understand this, it is sufficient to note two facts. First,
the configuration resulting from the operation of a given element of Sn on the SC is
unique. Since equivalent cycles represent the same group element, they all result in the
same unique final array. Therefore, two final ANS arrays leaving block 5 can only dif-
fer from one another if they are associated with two distinct group elements. Secondly,
block 6 follows the same procedure in examining each ANS array and in storing the find-
ings in the corresponding OUT array. Therefore, if { ANS(-,I11,I2)} has the same con-
tent as { ANS(-,13,I4) }, then {OUT(-,I1,12)} is identical to {OUT(-,I3,14)}.

' Block 7 - output and error messages. - In this block, the group table is listed. The
error messages are also contained here.

Subroutine SQUEZ. - The usual manner of storing data on the IBM 360 series is in
a word of 32 bits. SQUEZ packs four pieces of data in one storage word. It also elimi-
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nates extraneous blanks. Before calling SQUEZ an entry in the group multiplication
table would look like the following: -

bbb(bbb1bbb, bbb2bbb, bbb3bbb)

After calling SQUEZ we have the following:

(1,2,3)

SUMMARY OF PROCEDURE

A FORTRAN program for use on the IBM 360-67 has been written for the computa-
tion of group tables for finite groups. Use is made of the existence of an ismorphism
between any finite group of order n and some subgroup of the symmetric group Sn.
Those elements of Sn which are isomorphic to the group of interest are fed into the
program as input data. The program then performs the group operations on these ele-
ments of Sn and identifies the products of these operations.

The procedure is based on the fact that every element of S L can be expressed as a
product of transpositions or simple interchanges of two objects. The program expresses
each element given as input data in this form and performs the indicated interchanges
for a group product of two such elements on a standrad configuration, The resulting -
configuration is then identified with that configuration which a single group element would
cause if applied to the standard configuration. This group element is called the product
of the other two and entered in the row and column headed by the original two elements
of Sn‘

Two examples are shown worked out in the report. One of these is the complete
table of S4, the other is A5. For the latter, the class algebra table is presented. This
table, which is of interest in itself, does not appear to have been previously published.

Lewis Research Center,
National Aeronautics and Space Administration,

Cleveland, Ohio, June 2, 1969,
124-09-12-01-22.
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APPENDIX A

FLOW OF PROGRAM LOGIC

( Block1 )

Initialize
program
variables

Check
for input
errV

Construct
INITAL
array

READ
ACROSS
operations

REIT] Store )
operations
DOM[N in INPUT | E)
operations array
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IE = NINPUT(K)

WhenK=1, IEis
number of symbols
in ACROSS opera-
tions

When K=2, IE is
number of symbols
in DOWN operations

TEMP =
INPUTII, K)

Is

TEMP =

left paren
?

Is

TEMP =

right paren
?

of operation
?

Construct
PAIRS array|

WRITE
error
messages

Check for
error in ACROSS
and DOWN
operations

Statement 2 )
; 16

Count ACROSS
operations; Count
DOWN operations;
count units

Statement
19

8

T



A 2

Set up ANS
array in SC
form

Block 5

Perform
column
operation on
ANS array

DO B
J=K1,K1-2,...,1
(descending order)

PAIRS (J, 11,1} = L1
PAIRS (J-1,11,1) = 2

Interchange
ANS(L], 11, 12}
with ANS(L2, I1, I2)

Statement
23

Perform row
operation on
resulting

ANS array

DO 26
K2,K2-2,...,1
descending order

PAIRS (J,12,2) = 13
PAIRS U-1,12,2)= 14

Interchange
ANS(13, 11, 12)
with ANS(L4, 11,12)

Statement
26
9

27
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Block 6

MAX is largest
number of symbols
in any entry of

group table

NOP1=Number of ACROSS
operations

NOP2=Number of DOWN
operations

DO 38
11-1,NOP1
12-1, NOP2

Store left paren,
ANS(1, 13, 12),
and comma in
0uUT(M, 11,12
(M=1,2,3,
respectively)

l

JPR=0
J=3
Ki-1

|

Construct

Is contents
in J-1 register
of OUT array

KN array
=[023...N]

No

Zero out the
Kth entry in
KN array

Store

ANS(K, I1,12)
and comma in
0OUTIM, 11, 12)
(M=J+1,J+2,
respectively)




I

"

!

Zero out Kth
entryin
KN array

DO 32
KK=1, N

in KN array

nonzero
?

Store right
paren in
0uTy, 11, 12)

JRP = number
of symbols in

entry in ANS
array been
examined?,

oUTU-1, 11, 12)=

particular entry
in group table

Has every
entry in ANS array
been examined?

Store left paren,
ANS(K, 11, 12),
and comma in
0UT(M, 11, 12)
(M=J+1, J+2, J+3,
respectively)

Wement

ANS(K, 11, T2)

35

29



30

Implies nothing
has been moved
in ANS array

SQUEZ
OUT array

NOUT(I1, 12)=J

Yes
No
MAX = J
Statement
38




Store
blanks in
LINE array

Store ACROSS
operations in
LINE array

WRITE
ACROSS
operations

Store
blanks in
LINE array

Store DOWN

OUT array
unchanged

|

K5 = number of entries
in group multi-
plication table

operations in
LINE array

Store OUT
array in
LINE array

Statement
48

Store identity
lement in

Yes

LINE array
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( SQuEziout,N) )

INTEGER*2
12, BLK

12 and BLK
are half words
(2 bytes Jong)

LOGICAL#1
L1(2), DUT{Y),
BLK1

LI(1), L2{(2), BLK1,
and OUT array
are 1/4 words

(1 byte long)

L1{1) equivalenced
to 1st byte of 12
L1(2) equivalenced
to 2nd byte of 12

DATA BLK, BLK1
120040, 240/

Bit representation:
Istbyte 2nd byte
BLK ~{00000000] 00010000}

BLK1-00010000]

;

M= 42N

Bit representation:
Ist byte 2nd byte
12-{00000000 00000000
LD 11(2)

J=0

32

Lu2=out(n

OUT(I) A
blank?

Store
character in
Jth byte of
OUT array




C g~

[

Is number
of nonblank
character+Dtotal
number of bytes

Store blanks
in reminder
of OUT array

Statement
2

ﬁ=(1+2)/4j~———
RETURN
END

33



OO

-~ 000

34

APPENDIX B

LISTING

BLGCK (1) SETS UP CGNSTANTS

DIMENSION INPUT(440,2), INITAL{6), IDENT{8O), NPAIR(24,2), NCUT(24
1524)s LINE(32), NIN(24,2), NINPUTI{2), NCPA(2), KNI6)

IMTEGER PP CM TEMP ALK yCHARGCOLy PATRST18+24492) s ANS{6424424),5CUT (15
1924+424) TITLE(BC)

LUGICAL CCMMA,CNE :

DATA LPsRPyCMyBELRK,COL IDNT/ (2,7 )0,%,0," 1,020,/

BLCCK (2} READS IN LATA

PEAC (5466) TITLE
REAT (5466) IDENT

ILP=0

IRP=0

N=0

CHAR=ELK

LC 5 [=1,80

TEMP=IDENTI(I)

IF (TEMP.EQ.ELK) GO TG 5

IF (TEMPLEG.LP) GG TC 2

IF (TEMP.EQ.RP) GC TC 3

IF (TEMP.EQ.CM) GO TG 4
CHAR=ISLL{3,CHARI+ISRL{24,TEMP)

GG TC 5

[LP=ILP+1

GC TC 5

IRP=TRP*1

N=N+1

IF (N.GT.6) GC TC 61

IF (CHAR.EQ.BLK) GG TC 62
INITALIN)=CHAR

CHAR=BLX _
CONTINUE {
IF (ILP.NE.1.CR.IRP.NELL) GC TO 63
IN=80

CALL SGUEZ (ICENT,ID)

DG 8 K=1,2

NC 7 I=1,+5

JS=(1-1)%50+1

JE=I%g0

REAL (5,661 (INPUT(JsK) yJ=dSyJt)
NC 6 J=JS,JF

IF (INPUT(J,K)NELRLK) GL TG 7
CONTINUE

NINPUT(K)=JS

GG TC 8

CONT INUE

CONTINUE
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16
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19
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BLOCK (3) STORES EACH CPERATIUN IN PAIRS ARRAY AS A'PéDDUCT GF

TRANSPOSITICNS

DO 19 K=1,2

NPAIR{(1,K)=0

NOP=1

IPRN=0

CHAR=BLK

11=C

CNE=.TRUE.

COMMA=_FALSE.

TE=NINPUT(K)

CO 16 I=1,It

TEMP=INPUT(I,K)

IF (TEMPL.EQ.BLK)Y GO TD 16

IF (TEMP.EQ.LP) GG TC 9

IF (TEMP.EQ.RP)} GC TC 10

IF {(TEMP.EQ.CM) GC TC 11

IF (TEMP.EQ.CGL) GC TO 14
CHAR=ISLL(8,yCHAR)+ISRL(24,TEMP) ~
GG TC 15

IPRAN=IPRN+1

CNE=.TRUE.

IF (IPRN.LT.O0L0R.IPRN.GT.1) GO TO 57
GO TC 15

IPRN=IPRN-1

IF (.NOT.COMMA) GO TO S8
COMMA=.FALSE.

IF (IPRNLT.0.0RLIPRNLGT.1) GC YO 57
GU TC 12

CUMMA=,TRUFE.
NPAIR{NCPyK})=NPAIR(NCPyK)+1

IF (NPAIR(NCPyK).GT.17) GC TO 59
IF (CFARLEGLBLK) GU TO 56
TJ=NPAIR(NCP,K)
PAIRS({IJ,NOP,K)=CHAR

IF (CNE) GO TU 13
NPAIR{(NCP,K)=NPAIR(NOP,K)+1
[IJ=NPAIR{NOP,K)

EFPAIRS(IJ,NUP,K)=CHAR

FCHAR=RBLK
\CNE=.FALSE.

‘6C TO 15

NCP=NGP+1

IF (NGP.GT.24) GG TO 60
NPAIRINGP,K)=0

I1=11+1

INPUT(IT,K)=TEMP

CONTINUE

NINPUTI(K)=II+1

IF (INPUT(II,K).NE.COL) GO TQ 17
NOP=NOP~1

GC TO 18

INPUT(II+1,4K)=CCL _

IF (NPAIR(1,K).EQ.0) GG TG 1
NCPA(K)=NCP

CONTINUE
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COON

21

22

23

24

25

26
21

36

BLOCK (4) SETS UP ANS ARRAY IN STANDARD.FURM OR CCNFIGURATIGN

NOP1=NOPA(1L)
NOP2=NOPA{2)

0C 20 Ii=1,NGP1

DO 20 12=1,NGP2

DO 20 I=1,N
ANS({TIsI1,12)=INITALA(I)

BLCCK (5) PERFCRMS THE PRODUCT OPERATIONS

0O 27 11=1,NCP1

K1=NPAIR(Il,1)

D0 27 I2=1,N0OP2

K2=NPAIR(I2,2)

CO 23 I=1.K1,2

J=K1-1+1

J1=0

J2=0

DO 22 L=1.N

IF (ANS{L»I1,12).NE.PAIRS{J,1I1,1)) GO TO 21
J1=L

IF (ANS{L+I1,12).NE.PAIRS(J-1,1I1,1)) GC TOU 22
J2=1

CUNTINUE

IF (J1.EQ.0.0R.J2.EQ.0) GO TG 55
ITMP=ANS{JLl+114+12)
ANS(J1,I1,12)=ANS(J2,I1,12)
ANS(J2,11,12)=1TMP

CCNTINUE

00 26 I=14KZ,2

J=K2-1I+1

J1=0

J2=¢C

NDC 25 L=1,4N

IF (ANS(L,I1,12).NE.PAIRS(J,12+42)) GO TO 24
J1=L

IF (ANS(L,I1,12)NEPAIRS(J-1,12,2)) GO TO 25
J2=L

CONTINUE

IF (J1.EQ.0.OCR.J2.EQ.0) 60 TO 55
ITMP=ANS(JLl 11,12}
ANS(J1l,11,12)=ANS(J2,11,12)
ANS(J2,11,I2)=1TMP

CCNTINUE

CONTINUE
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28

29
30

31

32
33

34

35
36

37

33

N

BLUCK (6) IDENTIFIES THE SINGLE GROUP ELEMENT WHICH HAS THE SAME

EFFECT AS BLOCK (5)

MAX=C

D0 38 I1=1,N0P1

DO 38 12=1,N0DP2
ouT(l,11,I2)=LP
CUT(2+11,12)=ANS(1,11,12)
ouTi{3,11,12)=CM

JRP=Q

CJ=3

Ki=1

DO 28 KK=1,4N

KN{KK)=KK

KN({1)=0

DO 35 I=1,N

Df] 29 L=1,N

K=L

IF (CUT(J-1,11912).EQ.INITAL(K)}) GO TO 30
CONTINU:

IF {(K.EQ.KL1) GG TO 31
KN{K}=0

J=J+1
OUTEJeI1s123=ANS(K,T1,12)
J=J+1

CLTUJ,11,12)=CM

GO YO 35

KN{K)=0

DO 32 KK=1,N

K=KN{KK)

IF (K.NE.O) GO TO 33
CONTINUE

Kl=K

I (QUT(J—2,11,y12).NE.LP)} GC TG 34
IF (K.EQe0) GG TC 36
CUT(J—-1,11,12)=ANSI{K,I1,12)
GC TO 35

UUT(JyIleZ)=RP

JRP=J

IF (K.EQ.0) GG TG 36
J=Jd+1

CUT(J,11,12)=LP

J=J+1
CUT(JsI1yI2)=ANS{KsI1l,12)
J=J+1

OUT(J,I1,12)=CM

CONTINUE

J=JRP

IF (J.EQ.0) GO TO 37

CALL SQUEZ (GUTIL,11,12),4)
NQUT(LL1l,12)=4

IF (J.LE.MAX) GO TO 38
MAX=J

-COUNTINUE
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39

41

42

43

44
45

46

47

48

38

BLOCK (7) SETS UP THE OUTPUY FORMAT AND WRITES

DC 41 K=1,2

J=0

J1=1

IE=NINPUT{K)

DO 40 I=1,I1E

IF (INPUT{I,K)NEL.CCL) GO TG 40
MX=]-J1+1

CALL SQUEZ (INPUT(J1+K) 4MX)
1F (MX.LE.MAX)} GG TO 39
MAX=MX

J1=pMX+J1

J=J+1

NIN{JsK)=MX

CCNTINUE

IF (J.EQ.NCPA(K)) GO TGO 41
CCNTINUE

NC=32

MAX=MAX+1

NUM=NC /MAX-1

IF (NUM.LT.2) GC TO 64
NM={NCPL+NUM—1)/NUM
WRITE (6,67) (IDENT(I1),I=1,ID)
WRITE (6468 TITLE

K1=1

DO 54 I=14NM

DC 42 1L=1,432

LINE(L)=BLK

L1=NMAX

00 44 J4=1,NUM
I1={I-1)*NUM+J

IF {11.GT.NCP1) GO TG 4S5
K2=NIN(I1l,1)+K1-1

DO 43 K=Kl,K2

Ll=L1+1
LINE{L1)=INPUTI(K,1)
L1=(J+1)*MAX

Ki=K2+1

WRITE (6,69) LINE

K3=1

B0 53 I2=1,NUP2

L1=0C

DD 46 L=1,32

LINE(L)=BLK
K4=NIN(I2,2)+K3-1

DC 47 K=K3,K4

Lli=L1+1
LINEL{LL)I=INPUT(K,2)
K3=K4+1

L1=MAX

€O 51 J=1+NUM
I1=(I-1)*NUM+J

IF (11.GT.NCP1) GG TO 52
KS5=NCUTUlI1,12)

IF (K5.EQ.0) GO TQO 49

DO 48 K=14K5

L1=L1+1
LINE(LL)=0UT{K,I1412)

GG 7O 50

ERRCR MESSAGES



49 L1=L1+1
v LINE(LL)=IDNT
. 50 L1=(J+1)=MAX
51 CCNTINUE
@ 52 WRITE (6,70) LINE
53 CONT INUE
54 CONTINUE
GO TC 1
55 - WRITE (6,71) {ICENT{I),I=1,ID)
GO TC 1
56 WRITE (6472)
GO TC 1
57 WRITE (6+73)
GC 10 1
58 WRITE (6474)
GL TCO 1
59 WRITE (6,75)
GC 101
60 WRITE (6476)
GG TO 1
61 WRITE (6,77)
GO 1O 65
62 WRITE (6,72)
GO TC 65
63 WRITE (&473)
GG TG 65
o4 WRITE (6,78)
GO 10 1
s 5 RETURN
~ 66 FORMAT (80AL)
Y FORMAT ("1, 10X, *GROUP %,11A4%)
- 68 FORMAT (* *,80A1)
64 FCRMAT ('=17,32A4)
70 FURMAT (' ' ,32A4)
71 FORMAT (' ILLEGAL ELEMENT IN GRCUP. IDENTITY GROUUP IS ',11A4%)
72 FORMAT (' HLANK 1S NGT A VALID ELEMENT.!)
.73 FORMAT (" ILLEGAL USE OF PARCENS.')
74 FOPMAT (" ILLEGAL GROUP.')
75 FORMAT (' THE PAIRS ARRAY HAS BEEN EXCEEDED.')
76 FORMAT (' TCG MANY OPERATICNS. LIMIT IS 24.%)
77 FORMAT (' MGRE THAN & ELEMENTS IN IDENTITY GRUUP.')
78 FORMAT (' NGT ENOUGH RGOM GN PRINT LINE TC PRINT TABLE.')

END




SUBROUTINE SQUEZ(OUT,N)
INTEGER*2 [2,BLK
LDGICAL*1 L1{(2),0UT(1),BLK1
EQUIVALENCE {L1{1),12)
DATA BLKBLK1/Z20040,240/
M= 4%N
J=0
DC 1 I=1.M
I2= 0
t1(2)= CUTI(I)
IF{I2.EQ.BLK) GC TO 1
J= J+1
CuTiJl= GUTI(I)
CONTINUE
J = J+l
IF{J.GT.M) GC TO 3
DO 2 I=J+M
OuT{l)= BLK1
3 N= (J+2)/4

RETLURN

END
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